Relativistic dissipative hydrodynamics including hydrodynamic fluctuations is formulated by putting an emphasis on non-linearity and causality. As a consequence of causality, dissipative currents become dynamical variables and noises appeared in an integral form of constitutive equations should be colored ones from fluctuation-dissipation relations. Nevertheless noises turn out to be white ones in its differential form when noises are assumed to be Gaussian. The obtained differential equations are very useful in numerical implementation of relativistic fluctuating hydrodynamics.
Relativistic dissipative hydrodynamics including hydrodynamic fluctuations is formulated by putting an emphasis on non-linearity and causality. As a consequence of causality, dissipative currents become dynamical variables and noises appeared in an integral form of constitutive equations should be colored ones from fluctuation-dissipation relations. Nevertheless noises turn out to be white ones in its differential form when noises are assumed to be Gaussian. The obtained differential equations are very useful in numerical implementation of relativistic fluctuating hydrodynamics. Introduction-Relativistic hydrodynamics has been widely used so far in various fields such as cosmology, astro-and nuclear physics to describe space-time evolution of thermodynamic variables and flow phenomena. In the physics of relativistic heavy ion collisions, relativistic hydrodynamic models play a crucial role in drawing a remarkable conclusion that the quark gluon plasma (QGP) [1] , which is novel deconfined nuclear matter and filled the early universe, is created very quickly after the collisions [2] , records the highest man-made temperature of the order of 10 12 K [3, 4] , and, most interestingly, behaves like a perfect fluid [5] . A new paradigm of strongly coupled QGP was established through a vast body of efforts of both the experimental [6] [7] [8] [9] and theoretical analyses [10] [11] [12] [13] . The next task in this field is to precisely extract transport coefficients of the QGP such as shear and bulk viscosities through comparison of results from relativistic hydrodynamic simulations of the QGP with experimental data intimately related with collective flow phenomena.
In ordinary hydrodynamic framework, thermodynamics is assumed to be applicable in a local rest frame at each space-time point. This implicitly means that there exists an intermediate scale at which the size of a fluid element can be characterized. At this scale, a microscopic characteristic scale should be small enough to apply thermodynamics in a fluid element, while macroscopic characteristic scale should be much larger than that scale. In order to obtain a set of equations of motion and constitutive equations, one can introduce the Knudsen number, K = l/L, where l is the microscopic scale and L is the macroscopic scale, and expand macroscopic quantities in a series of the small parameter K. In this way, hydrodynamics has been applied to macroscopic system to describe slow and long-wave-length-limit dynamics. Hydrodynamics is applicable when separation of these three scales can be justified.
Since thermodynamics can be derived by taking an ensemble average of many canonical systems in statistical physics, this concept lies implicitly also in hydrodynamics. In the physics of relativistic heavy ion collisions, hydrodynamic simulations had been performed from smooth initial fields [14, 15] . The resultant dynamics is regarded as an average behavior of many similar events with almost the same impact parameter. Recently, event-by-event hydrodynamic simulations have been performed extensively to describe experimentally measured momentum anisotropy of hadrons [16] . When the QGP is created ∼ 1 fm/c just after the collisions, causality does not allow the coarse-grained scale to be larger than ∼ 1 fm. Consequently the system responds hydrodynamically to the granular structure originating from fluctuating configuration of nucleons inside colliding nuclei. However, it is far from trivial whether thermodynamic and hydrodynamic concepts within its current form can be compatible with event-by-event description of relativistic heavy ion collisions. Since information of the system is reduced in the coarse-grained process, thermodynamic variables fluctuate from event to event around average values, which is nothing but thermal fluctuation. Therefore the thermal fluctuation should be taken into account towards a consistent description of dynamics of thermodynamic fields on an event-by-event basis. The thermal fluctuations which arise in hydrodynamic evolution independently for each spatial and temporal points are called hydrodynamic fluctuations. A nonrelativistic theory of hydrodynamic fluctuation was initiated by Landau and Lifshitz long time ago [17, 18] . They extended the Navier-Stokes equations by implementing stochastic fluxes into constitutive equations based on fluctuation-dissipation relations. The theory treats linear fluctuations around equilibrium state. There have been several attempts to study non-linear hydrodynamic fluctuation within the framework of Fokker-Planck equation [19] or that of Langevin equation [20] . Non-linearities are of particular importance for fluids undergoing, e.g., phase transition, nucleation, and instabilities since these can amplify the effects of fluctuation exponentially [21, 22] .
The effect of thermal fluctuation on transport coefficients in the relativistic system was discussed in Refs. [23, 24] . An extension of linear hydrodynamic fluctuation in the Landau-Lifshitz theory [17, 18] to the relativistic hydrodynamics was discussed in Refs. [25] [26] [27] . Hydrodynamic fluctuations on top of one-dimensionally expanding background field together with its implication to the physics of relativistic heavy ion collisions were also investigated [26, 27] .
On the other hand, a naive relativistic extension of the Navier-Stokes equation [17, 28] has a problem on causality [29] . The second order correction terms to the entropy current play an essential role for the theory to obey the causality [30, 31] . Thus the non-linear version of relativistic fluctuating hydrodynamics being consistent with causality is demanded for the purpose of event-by-event hydrodynamic simulations of, e.g., relativistic heavy ion collisions. In this Letter, we formulate relativistic fluctuating hydrodynamics by putting emphasis on the importance of causality, its consequence in the property of hydrodynamic fluctuation, and non-linearity of the resulting equations of motion. In the following, the Minkowski metric is g µν = diag(+, −, −, −) and the natural unit = c = k B = 1 is employed. To determine the power spectrum of the hydrodynamic fluctuations in relativistic dissipative hydrodynamics with finite relaxation times, we can write down the constitutive equations explicitly with respect to the dissipative currents
where u µ is the four-velocity in the Landau frame [17] , and T and µ i are temperature and chemical potential of the i-th conserved current (i = 1, . . . , n), respectively.
The dissipative currents Π, π µν , and ν µ i are bulk pressure, shear stress tensor, and diffusion of the i-th conserved charge, respectively. The corresponding thermodynamic forces are θ = ∂ λ u λ , ∂ α u β = ∆ αβγδ ∂ γ u δ , and
Using the fluctuation-dissipation theorem, we can obtain the power spectrum or the two point correlation of the hydrodynamic fluctuations as
Here the memory functions are extended for the domain of x ′0 < x 0 to be even functions, e.g.,
αµ . In the case of the first-order dissipative hydrodynamics with hydrodynamic fluctuation, G *
These memory functions are local in time and have no memory effects: The correlation of the fluctuation vanishes in an infinitesimally small time duration. Thus the fluctuations exhibit white noises in the first-order dissipative hydrodynamics.
Note that, in a more general case which respects the causality, the memory function should vanish with two spatially separate points, i.e., G(x − x ′ ) = 0 where (x − x ′ ) 2 < 0, while the delta functions in the first-order case are symmetric in any direction of x − x ′ . A second-order dissipative hydrodynamics with hydrodynamic fluctuations-As mentioned before, the first-order relativistic dissipative hydrodynamics violates causality [29] . To respect the causality in the relativistic theories, second or higher order dissipative hydrodynamics with relaxation effects should be considered. Here we consider a simple case of the second-order constitutive equations [30, 31] τ Π DΠ + Π = −ζθ,
where D = u α ∂ α is the time derivative in the Landau frame. The memory functions can be obtained by solving the constitutive equations for dissipative currents [32] 
where σ µ = (τ (x), σ(x)) are the proper time and the comoving coordinates in the Landau frame, respectively, and
is defined as the common part of the memory functions. The tensors ∆(τ f ; τ i ) µναβ and ∆(τ f ; τ i ) µα are the time-by-time projection into the tensor components of the dissipative currents and defined as follows:
This non-trivial tensor structure comes from the projections ∆ µν αβ and ∆ µ α in the first term in the left hand sides of constitutive equations (8) and (9). This timeby-time projection is required to make π µν and ν µ i constrained to each tensor space during time evolution.
In these memory functions (10)- (12), the time correlation has a form of exponential relaxation. In general, the memory function of causal relativistic dissipative hydrodynamics has non-vanishing values for different times. Consequently, the time correlation of the fluctuations T G(x) does not vanish between different times, i.e., the fluctuations exhibit colored noises. For the bulk pressure, colored noises are manifested in the Fourier space as
Here (ω, k) are the conjugate variables for (τ, σ), respectively. For shear stress tensor and diffusion, the explicit formulas are much more involved due to time-by-time projection. Nevertheless, the corresponding power spectra in the Fourier space depend on ω similar to the bulk pressure case. Implementation in numerical simulations-There are two different strategies to implement hydrodynamic fluctuations in numerical simulations. One is the way to memorize the past fluid fields and to directly solve the constitutive equations with integral. The other is to go back to the differential form of constitutive equation such as Eqs. (7)- (9) with the hydrodynamic fluctuations.
Since constitutive equations containing memory functions are non-Markovian, solving the equations requires the information about the all past fluid fields. So, in numerical simulations, one has to memorize the past fields of the all steps. Nevertheless one can introduce some cutoff step number of the past field to be memorized since the memory function relaxes to zero in finite time and the system should "forget" the information about past near the equilibrium.
In the case of the fluctuating hydrodynamics with second-order dissipative terms discussed above, the constitutive equations become
It is difficult to evaluate exactly the time-ordered exponential and time-by-time projections, ∆(τ f ; τ i ) µναβ and ∆(τ f ; τ i ) µα . So one can use the approximated expressions for π µν and ν
These equations are consistent with the constitutive equations of the differential form, (7)- (9), up to the second order in thermodynamic forces. A more practical way of performing numerical calculations is to employ differential forms of the constitutive equations. For the simplest case of the second-order dissipative hydrodynamics, the constitutive equations including hydrodynamic fluctuations become
Those equations are solved by regarding the dissipative currents as the dynamical variables in addition to the other fluid fields. This is the consequence of causality and the essential difference between the first order and the second order theories. It is shown that the noise terms in the constitutive equations in the differential form above become white ones even though the hydrodynamic fluctuation itself is colored one:
Further more, it is also shown that, if the hydrodynamic fluctuations are Gaussian noises, the differential form of constitutive equations should have the following general form in the Fourier space:
Here Π ′ is a dissipative current and κF is the firstorder term of the thermodynamic force in the constitutive equation. Also, the noise term
becomes Gaussian white noise:
Therefore it is much more convenient to solve the equations in the differential form in numerical calculations rather than the ones in its integral form if and only if a general assumption that noises are Gaussian can be made. The proof will be discussed elsewhere in the future publication [33] . Conclusions-To discuss about fluctuating hydrodynamics, which is the hydrodynamics with dissipation and the corresponding hydrodynamic fluctuations, in relativistic system, one should consider the memory effects such as relaxation times to respect the causality. The constitutive equations can be written down in the form of the response of thermodynamic forces in the present and past, and the response functions are called memory functions. This is the generalization of the conventional firstorder or second-order constitutive equations and they are the special case with certain memory functions. The power spectrum of the hydrodynamic fluctuations is related to the memory function by fluctuation-dissipation relation. It should be noted that the memory function can be obtained in principle from the first principle calculations such as lattice quantum chromodynamics [34, 35] through correlation function of energy momentum tensor in equilibrium. In the case of the first-order dissipative hydrodynamics, the fluctuations are white noises while in the case of the second-order dissipative hydrodynamics respecting causality, the fluctuations should be colored. If the hydrodynamic fluctuations are Gaussian noises, the differential form of the constitutive equations within the second-order relativistic dissipative hydrodynamics should have the specific structure, and the corresponding noises turn out to be white ones.
Instead of conventional relativistic dissipative hydrodynamic equations, the equations obtained in this Letter can be employed to simulate more realistically, e.g., space-time evolution of the QGP in relativistic heavy ion collisions on an event-by-event basis. Numerical implementation of these equations together with the effects of hydrodynamic fluctuations on observables will be discussed elsewhere [33] .
